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The nonlinear damping of Bose-Einstein ondensate osillations at ultra-low
temperatures
Yu. Kagan and L.A. Maksimov
RRC Kurhatov Institute, 123182 Mosow, Russia
We analyze the damping of the transverse breathing mode in an elongated trap at ultralow
temperatures. The damping ours due to the parametri resonane entailing the energy transfer to
the longitudinal degrees of freedom. It is found that the nonlinear oupling between the transverse
and disrete longitudinal modes an result in an anomalous behavior of the damping as a funtion
of time with the partially reversed pumping of the breathing mode. The piture revealed explains
the results observed in [16℄.
The problem of the damping of osillations in a Bose-
ondensate at T = 0 and, at least, at ultra-low temper-
atures within T < µ ≪ Tc, µ being hemial potential
and Tc being Bose-ondensation temperature, represents
one of most interesting problems in the physis of Bose-
Einstein ondensation. The speifi feature of the prob-
lem is assoiated with an isolation of the system from
the environment and, therefore, absene of any sort of
thermal bath. In this aspet the problem has muh in
ommon with the problem of the loss of oherene and
the origin of energy dissipation in an isolated quantum
many-partile system. Vast majority of experimental [1℄-
[5℄ and theoretial [6℄-[12℄ efforts in this field are referred
to the range of relatively high temperatures T ≫ ~ωi
where ωi are the frequenies of a paraboli trap. Un-
der these onditions normal exitations in essene form
an interior thermostat. The damping in the ase on-
erned is assoiated with the interation of osillations
and thermal exitations aompanying by diret transfer
of energy to the thermal loud.
In the work of authors [13℄ the problem is onsid-
ered for the damping of radial osillations of the on-
densate in an elongated trap at T = 0. The hoie
of the trap geometry was not asual. As is found in
[14℄ for a 2D isotropi harmoni trap, the non-linear
Shrodinger (Gross-Pitaevskii) equation has a saling-
invariant solution for the evolution of the ondensate and
non-ondensate subsystems at an arbitrary variation of
ω(t) in time. In this ase the breathing mode in the 2D
system does not deay irrespetive of the magnitude of
the amplitude. It was shown [15℄ that the unique prop-
erties result from the presene of a hidden symmetry in
the desription of suh 2D system.
On the other hand, it is found in [13℄ that the trans-
verse breathing mode an experiene a speifi damping
in an elongated trap. The origin of suh damping lies in
the parametri resonane onneting the breathing mode
with longitudinal sound exitations. The parametri res-
onane arises from the radial osillations of the density,
resulting in osillation of the longitudinal sound veloity.
In fat, the results obtained give an appropriate desrip-
tion only for the initial stage of damping, see below.
Reently, it has been published very interesting ex-
perimental investigation on the damping of the breath-
ing mode in an elongated trap at ultra-low tempera-
tures T < µ ≪ Tc [16℄. The work ontains a num-
ber of remarkable results. For the limited initial am-
plitude of osillations haraterized by the sale of rel-
ative variation |δR⊥/R⊥| ≈ 0.03 − 0.04 for the trans-
verse Thomas-Fermi radius, the authors have observed
the slow and monotonous deay with the reord quality
fator Q = ω0/γ0 ≥ 2000. Here ω0 = 2ω⊥ and γ0 are
the frequeny of breathing mode and the damping rate,
respetively. The temporal sale of damping is about 1 s.
However, provided the initial amplitude is inreased by
a fator of three, the whole piture hanges drastially.
Here on the temporal sale of 200 ms the osillation am-
plitude redues by about three times. Next, the ampli-
tude unexpetedly starts to grow, reahing the maximum
of about one-half of the initial value, and then deays.
The aim of the present study is to explain an anomalous
piture of damping the breathing mode observed in [16℄.
The standard theory of parametri resonane implies
an invariability for the amplitude of osillation of one
of parameters in the system. In the general ase this
orresponds to the steady feeding of energy. In the iso-
lated system the situation is different. The amplitude
of breathing mode b⊥ dereases in the ourse of the en-
ergy transfer into the subsystem of longitudinal exita-
tions due to parametri resonane. In these onditions
a nonlinear oupling between the transverse and longi-
tudinal modes plays important role. If the parametri
growth of the amplitude of longitudinal modes advanes
their relaxation, after a notieable redution of b⊥ one
an expet a reverse nonlinear pumping of the transverse
mode. As a result, the growth of b⊥ starts and only
later it will be sueeded again by the normal damping
of the breathing mode. A speifi feature of the paramet-
ri resonane is its dependene on a produt b⊥b‖ of the
transverse and longitudinal modes. For the smaller mag-
nitude of b⊥ (t = 0), if a typial time for the pumping of
the longitudinal mode proves to be omparable with the
relaxation time or larger, the damping regime hanges
signifiantly and the amplitude of the breathing mode
deays gradually in time. The piture desribed for the
nonlinear damping allows to explain the results observed
2in [16℄.
For the quantitative desription of the piture of non-
linear damping, we onsider a simple model assuming
that the parametri amplifiation in an elongated trap is
experiened by a single longitudinal mode with frequeny
Ω‖ lose to a half of the transverse mode frequeny Ω⊥
and inverse relaxation time γ. We assume that the sys-
tem is in the Thomas-Fermi regime and only long wave-
length longitudinal sound modes are involved into the
proess.
The Hamiltonian of interating exitations in the Bose-
Einstein ondensate within seond quantization for the
representation of noninterating phonons an be written
as (see, [17℄)
Hˆ = Hˆ0 + Hˆ
′,
Hˆ0 =
∑
s
~Ωs
(
cˆ+s cˆs +
1
2
)
, Hˆ ′ = 12m
∫
d3x~ˆV nˆ′ ~ˆV.
(1)
The operators of the alternating fration of density nˆ′
and veloity
~ˆV have the form
nˆ′ =
∑
s
i
(
~Ωsn00
2mc20
)1/2 (
cˆsχs − cˆ+s χ∗s
)
, (2)
~ˆV =
∑
s
(
~c20
2mΩsn00
)1/2 (
cˆs∇χs + cˆ+s ∇χ∗s
)
. (3)
In these expressions n00 is the magnitude of density
n0 (~x) at ~x = 0, c
2
0 = µ/m, and m is the atom mass. The
real eigenfuntions χs (~x) for noninterating phonons in
a trap are solutions of the equation (p.[18℄)
Ω2sχs(~x) + c
2
0∇ (f (~x)∇χs (~x)) = 0, (4)
where f (~x) = n0 (~x) /n00.
Let us hoose the breathing mode and one longitudi-
nal mode in the exitation spetrum and, orrespond-
ingly, eigenfuntions χ⊥(~x) and χ‖(~x). Aordingly, in
this ase there are two types of the verties with in-
tegrals like J =
∫
d3xχ⊥(~x)∇χ‖(~x)∇χ‖(~x) and J ′ =∫
d3xχ‖(~x)∇χ‖(~x)∇χ⊥(~x) In the Thomas-Fermi approx-
imation the funtion f(x) in Eq. (4) equals
f(~x) = 1− r
2
R2⊥
− z
2
R2‖
, (5)
where R⊥ =
√
2µ/mω2⊥ and R‖ =
√
2µ/mω2‖ are the
transverse and longitudinal Thomas-Fermi radii.
Let wave funtions χs be normalized by the Thomas-
Fermi volume V = 43πR
2
⊥R‖. Then, for funtion χ⊥ we
find readily from Eq.(4),
χ⊥ =
√
35
8V
(
1− 2 r
2
R2⊥
− z
2
R2‖
)
. (6)
In first approximation in the limit ω2⊥ ≫ ω2‖ funtion χ‖
depends on z alone (e.g.,[19℄). Hene, alulating integral
J with use of (6), we arrive at |J | ∼ ω2⊥/
√
V c20. On the
other hand, the estimate of J ′ yields |J ′| ∼ ω2‖/
√
V c20.
In the strongly elongated trap we an retain only the
terms with J in H ′. As a result, in Hamiltonian H ′
there are only two terms from eight ones that an realize
a quasi resonane oupling between these seleted modes.
Retaining only these terms, we represent the expression
for H ′ in the expliit form
Hˆ = i~gJ(cˆ+
‖
cˆ+
‖
cˆ⊥ − cˆ+⊥cˆ‖ cˆ‖), (7)
g =
1
4
(
~c20Ω⊥
2mn00Ω2‖
)1/2
. (8)
In the Heisenberg representation
∂
∂t
cˆs = − i
~
[cˆs, Hˆ].
Using Eqs. (1) and (7), we find
∂
∂t cˆ‖ = −iΩ‖cˆ‖ + 2gJcˆ+‖ cˆ⊥
∂
∂t cˆ⊥ = −iΩ⊥cˆ⊥ − gJcˆ‖ cˆ‖
(9)
Let us go over into the lassial Bose field in equations
(9). This is a onventional transformation in treating ex-
itations in the Bose-Einstein ondensate, see, e.g., [20℄.
In addition, we note that even for the extremely low tem-
perature 40 nK [16℄, there are 5 phonons at the longitu-
dinal mode and hundreds at the exited transverse mode.
Within the framework of the standard proedure
cˆ‖ → b‖e−i(Ω‖t−ϕ‖), cˆ⊥ → b⊥e−i(Ω⊥t−ϕ⊥). (10)
Here bs and ϕs are the slowly varying real quantities.
Performing this transformation and separating the real
and imaginary parts, we find
∂
∂t
b¯‖ = −αb¯⊥b¯‖ cosϕ− γ(b¯‖ − b¯‖(0)), (11)
∂
∂t
b¯⊥ =
1
2
αb¯2‖ cosϕ, (12)
∂
∂t
ϕ = ∆Ω+ 2b¯⊥(1−
b¯2‖
4b¯2⊥
) sinϕ. (13)
Here we have singled out the initial value b⊥(0) for
breathing mode amplitude and introdued a relative am-
plitudes b¯s = bs/b⊥(0) and the notation
α = 2g |J | b⊥(0), (J < 0). (14)
The phase ϕ is defined as
ϕ(t) = ϕ⊥(t)− 2ϕ‖(t) + ∆Ωt, ∆Ω = Ω⊥ − 2Ω‖. (15)
In the equation for the longitudinal (11) omponent we
have introdued the term taking into aount effetive
3relaxation. Quantity b‖(0) is the initial equilibrium value
b‖.
A set of Eqs. (11)-(13) desribes nonlinear damping of
the breathing mode in the general ase. Let us onsider
first the initial period provided b‖(0)≪ b⊥(0). Omitting
the ratio (b‖/2b⊥)
2
and negleting variation of b⊥ in the
Eq. (13) we arrive to the equation with separable vari-
ables. The solution of this equation an readily be found.
For |∆Ω| < 2α
ln
∆Ω tan ϕ2 + 2α− κ
∆Ωtan ϕ2 + 2α+ κ
= κt+ C, (16)
where κ =
√
(2α)
2 − (∆Ω)2. For κt ≫ 1, phase ϕ
tends to a onstant value. For ∆Ω → 0, ϕ → π and
in Eqs. (11), (12) cosϕ → −1. As a result, solution of
Eq. (11) an be represented as b‖ ∝ exp[(α− γ) t]. An
exponential growth with smaller derement (|cosϕ| < 1)
holds for finite ∆Ω if |∆Ω| < 2α and α |cosϕ| > γ.
This is a typial parametri resonane resulting in the
damping of the transverse osillations in the ondensate
[13℄.
For an arbitrary time, the analysis requires a ombined
solution for all three nonlinear equations (11)-(13).
Let us find relation between the oeffiients in this
system and the physial parameters. The vibrational en-
ergy, assoiated with the breathing mode, equals Evib ≈
4
3µN(δR⊥/R⊥)
2, where N is the total number of par-
tiles. On the other hand, in aordane with defi-
nition (10), one has Evib = ~Ω⊥b
2
⊥. Thus b⊥(0) =
(4µN/3~Ω⊥)
1/2 |δR⊥/R⊥|0 , where |δR⊥/R⊥|0 is an ini-
tial value of a relative amplitude of the transverse osil-
lations. Estimating integral J at the vertex of the inter-
ation Hamiltonian (7), we find J ≈ −0.4Ω2⊥/V 1/2c20.
Hene, determining oeffiient α (14) and involving
value of g (8), we have
α ≈ 0.3ω⊥
∣∣∣∣δR⊥R⊥
∣∣∣∣
0
(17)
In derivation we used the following relations N =
(2/5)n00V , Ω‖ ≈ Ω⊥/2 = ω⊥.
The parametri resonane requires nonzero amplitude
b‖(0). For T = 0, b‖ (0) is the amplitude of zero-point
osillations. For T > ~Ω‖ we have b‖ (0) ≈ (T/~Ω‖)1/2.
Let us turn to the relaxation in the longitudinal sub-
system. The familiar dispersion law for longitudinal ex-
itations ω2k = ω
2
‖k(k+3)/4 [19℄,[21℄ in ombination with
the mesosopi harater of the system results in a peu-
liar piture of relaxation. For a strongly elongated trap
ω⊥ ≫ ω‖, frequeny Ω‖ is met with large value k ≫ 1.
This state an deay into numerous pairs of exitations
with integer indies satisfying ondition k1+k2 = k. It is
interesting that the mismath of resonanes for different
pairs hanges only within interval ∆ω = ω‖/2 ÷ 3ω‖/4.
Within the framework of the hydrodynami approxima-
tion these proesses are desribed by the same Hamilto-
nian H (1) involving (2) and (3). Seleting a part of the
interation Hamiltonian responsible for the evolution of
state k, we have
Hˆ ′ = ~
∑
k′
Bk′(cˆ
+
k−k′
cˆ+
k′
cˆk − cˆ+k cˆk′ cˆk−k′ ) (18)
A diret estimate of vertex Bk′ yields
Bk′ ≈ 2i
(
~
µN
)1/2
(ωkωk′ωk−k′ )
1/2 .
In the usual onditions |Bk′ (k)| ≪ ∆ω. At T = 0 the
exited k-state spreads partially over k/2 pairs of states
(for simpliity we imply that k is even) with the inverse
time of reduing the density
1
τk
≈
k/2∑
k′
|Bk′(k)|2
∆ωk′
. (19)
All k states appeared spread, in turn, over a large
number of states. In these onditions, taking also into
aount the satter of ∆ωk′ and verties Bk′ , one an
suppose that the probability for revival of k-state with a
notieable amplitude is negligible. In essene, relaxation
ours for the time about τk (19).
As onerns finite temperatures T > ~ωk, the
role of transitions with the involvement of low fre-
queny states enhanes. Hereupon, |Bk1(k)|2 is multi-
plied approximately by a fator T/~ωk′ + T/~ωk−k′ =
Tωk/ (~ωk′ωk−k′ ) . Then
1
τk
≈ 2kωk T
µ
1
N
ωk
∆ω
. (20)
The parameter γ in Eq. (11) is ≈ (2τk)−1.
Let us onsider a solution of the system of nonlinear
equations (11)-(13). We hoose the parameters lose to
that of [16℄: ω⊥ = 1150 s
−1
, ω‖ = 70 s
−1
, N = 105,
µ = 60 nK. The finiteness of temperature T = 40 nK re-
ally affets only the magnitude of parameter γ, see (20).
For these values of parameters k ≈ 30 and oeffiient
γ lie within interval 5 ÷ 10 s−1. We take γ = 7 s−1
for alulation. For initial ondition |δR⊥/R⊥|0 = 0.09,
oeffiient α (14) takes value α ≈ 30 s−1. The spaing
between the neighbor levels in the spetrum of longitu-
dinal exitations is lose to ω‖/2. Within the two-level
model under onsideration it is naturally to suppose that
frequeny ω⊥, falling within this interval, is shifted to
one of the levels. For alulating, we put ∆Ω = 15 s−1.
In Fig.1 the results of solving the system (11)-(13)
are presented for the given values of α, γ and ∆Ω
as solid lines. The time behavior of |δR⊥/R⊥| =
b¯⊥ |δR⊥/R⊥|0 is plotted in Fig.1a. A drasti redution
of the breathing mode amplitude for the relatively short
4Figure 1: (a) The amplitude of breathing mode |δR⊥/R⊥| and
(b) the amplitude of longitudinal mode b˜‖ as a funtion of time
for two initial values |δR⊥/R⊥|0 = 0.09 () and |δR⊥/R⊥|0 =
0.035 (- - -)
interval of time is a diret manifestation of paramet-
ri resonane. This is espeially lear from the burst-
like growth of the amplitude for longitudinal osillations
b˜‖(t) = b¯‖(t) |δR⊥/R⊥|0, as is seen in Fig.1b. At some
time moment the phase ϕ reahes value 3π/2 (π/2 for
∆Ω < 0) and the reverse energy transfer from longitudi-
nal into the transverse mode starts. In plae of redution,
a nontrivial growth of the breathing mode amplitude
starts. The growth is over when the phase reahes value
5π/2 (−π/2) and the normal trend reovers. Note that
for the hosen magnitude of initial amplitude |δR⊥/R⊥|0
or parameter α, entire qualitative piture of nonlinear
damping holds for a wide variation of ∆Ω.
However, the piture of damping hanges drastially if
the initial amplitude is notieably smaller. In Figs. 1a
and 1b the same dependenes for the ase |δR⊥/R⊥|0 =
0.035 are shown with the dashed lines, the other param-
eters being unhanged. We see a normal monotoni be-
havior for the amplitude redution |δR⊥/R⊥|. As is seen
from Fig. 1b, the damping ours in the onditions of the
relatively small-expressed parametri resonane. Here-
with, phase ϕ hanges within the limited boundaries.
The piture of nonlinear damping, found within the
framework of solving a relatively simple model, explains
the results observed in [16℄. We have hosen intention-
ally the magnitude of parameters lose to that of [16℄ in
order to make omparison more adequate. At the same a
detailed quantitative omparison requires more elaborate
model.
It is worthwhile to note that an additional damping
due to extrinsi reasons an be signifiant for the slow
dynamis at small value of amplitude |δR⊥/R⊥|0. How-
ever, this damping will not play any notieable role in the
ase of large magnitude of the amplitude. In this aspet
the nonlinear damping is a purely intrinsi phenomenon.
It seems that the results obtained have a relatively gen-
eral harater. In fat, the typial feature of all systems
used for studying Bose-Einstein ondensation in ultra-
old gases is their mesosopi harater and separation
from environment. In these onditions the problem of
the damping of oherent osillations in the ondensate at
T = 0 or, at least, T < µ≪ Tc aquires a speial sound-
ing. On one hand, this is onneted with the problem
of revealing the deay hannel. On the other hand, pro-
vided suh hannel exists, the energy is transferred to the
disrete degrees of freedom. In this ase the analysis of
energy relaxation requires involving nonlinear oupling
between modes for the both dissipationless and dissipa-
tive kinetis. The problem onsidered in the present work
is an instrutive example of this general problem.
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